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tukasiewicz Paths

Dyck Meanders:
> Sequences of {—1,1} = {\,, "},
» Never below axis.
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tukasiewicz Paths

Dyck Meanders:

> Sequences of {—1,1} = {\,, "}, 0
» Never below axis.

Vv

tukasiewicz Paths:
» Sequences of S = {—1}UN, N C Ny,

> Never below axis.
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tukasiewicz Paths

Dyck Meanders:

> Sequences of {—1,1} = {\,, "}, 0
» Never below axis.

Vv

tukasiewicz Paths:
» Sequences of S = {—1}UN, N C Ny, //\/\//\"
> Never below axis. N

Notation. S(u) ...GF of S, S (u) = S(u) — u™L.

S={-1,02} ew S(u) = vt +1+ 0% Si(u) =141
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Ascents
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Ascents

Vv

» Ascent: maximal sequence of non-negative steps,
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Ascents

Vv

» Ascent: maximal sequence of non-negative steps,

> r-Ascent: ascent of length r.
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Path Classes of Interest

Background: Banderier—Flajolet, Basic AC of dir. lattice paths
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Path Classes of Interest

Background: Banderier—Flajolet, Basic AC of dir. lattice paths

» Excursions: end on axis

Excursion
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Path Classes of Interest

Background: Banderier—Flajolet, Basic AC of dir. lattice paths

» Excursions: end on axis

» Dispersed Excursions: additional step (—) only on axis
(Kangro—Pourmoradnasseri-Theis '16)

A ANASUN

Excursion Dispersed Excursion
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Path Classes of Interest

Background: Banderier—Flajolet, Basic AC of dir. lattice paths

» Excursions: end on axis

» Dispersed Excursions: additional step (—) only on axis
(Kangro—Pourmoradnasseri-Theis '16)

» Meanders: unrestricted

A AN AN Aad

Excursion Dispersed Excursion Meander
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Bijection: Excursions <— Trees

§={-1,1,2}

# of children € {0,2,3}
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Bijection: Excursions <— Trees

S={-1,1,2}

\/\\\ / \/\\\

# of children € {0,2,3}
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Bijection: Excursions <— Trees

§={-1,1,2}

# of children € {0,2,3}
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Bijection: Excursions <— Trees

§={-1,1,2}

# of children € {0,2,3}

Excursions(S) <— Plane Trees(S + 1)
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Exploiting the Tree Structure

» V(z,t) ... OGF of V: plane trees, # of children € S + 1

Then:
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Exploiting the Tree Structure

» V(z,t) ... OGF of V: plane trees, # of children € S + 1

> z ...size of tree

Then:

Benjamin Hackl (Alpen-Adria-Universitat Klagenfurt / Austria) Ascents in Lattice Paths



Exploiting the Tree Structure

» V(z,t) ... OGF of V: plane trees, # of children € S + 1

> z ...size of tree

Th » t ...r-ascents in corresponding tukasiewicz excursion
en:
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Exploiting the Tree Structure

» V(z,t) ... OGF of V: plane trees, # of children € S + 1

> z ...size of tree

Th » t ...r-ascents in corresponding tukasiewicz excursion
en:

® V(z,t)/z ... tukasiewicz excursions w.r.t. S
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Exploiting the Tree Structure

» V(z,t) ... OGF of V: plane trees, # of children € S +1

> z ...size of tree
>t ...r-ascents in corresponding Ltukasiewicz excursion

Then:
® V(z,t)/z ... tukasiewicz excursions w.r.t. S
® V(0,t)=0and V(z,t) = zL(z,t,V(z,t)) with

L(z,t,v) = %&(v) + (t = 1)(z5:(v))",

which enumerates seq. of non-negative steps. v ... height
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Exploiting the Tree Structure

» V(z,t) ... OGF of V: plane trees, # of children € S +1

> z ...size of tree
>t ...r-ascents in corresponding Ltukasiewicz excursion

Then:
® V(z,t)/z ... tukasiewicz excursions w.r.t. S
® V(0,t)=0and V(z,t) = zL(z,t,V(z,t)) with

1
L(z,t,v) = ——— + (t — 1)(=S r
(Z’ ’V) 1_ ZS+(V) +( )(Z +(V)) ’
which enumerates seq. of non-negative steps. v ... height

@ Consequence of bijection.
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Exploiting the Tree Structure

» V(z,t) ... OGF of V: plane trees, # of children € S +1

> z ...size of tree
>t ...r-ascents in corresponding Ltukasiewicz excursion

Then:
® V(z,t)/z ... tukasiewicz excursions w.r.t. S
® V(0,t)=0and V(z,t) = zL(z,t,V(z,t)) with

1
L(z,t,v) = ——— + (t — 1)(=S r
(Z’ ’V) 1_ ZS+(V) +( )(Z +(V)) ’
which enumerates seq. of non-negative steps. v ... height

@ Consequence of bijection.
® Decompose w.r.t. leftmost path:

YV =ox SEQ 0 X g S) l.lnLPEN-nDRm
seS, s>0 UNIVERSITAT
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From Excursions to Arbitrary Paths
» L(z,t,v)z/v ~ sequence of non-negative steps followed by \
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From Excursions to Arbitrary Paths
» L(z,t,v)z/v ~ sequence of non-negative steps followed by \

> L 7z7v > all paths (also crossing axis) ending on

1-L(z,t,
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From Excursions to Arbitrary Paths
» L(z,t,v)z/v ~ sequence of non-negative steps followed by \
> Tltv)z/v ~- all paths (also crossing axis) ending on
> subtract “bad paths”: excursion x \, x arbitrary, i.e.,
V(z,t) z 1
z vl—L(zt,v)z/v
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From Excursions to Arbitrary Paths
» L(z,t,v)z/v ~ sequence of non-negative steps followed by \
> Tltv)z/v ~- all paths (also crossing axis) ending on
> subtract “bad paths”: excursion x \, x arbitrary, i.e.,
V(z,t) z 1
z vl—L(zt,v)z/v

» F(z,t,v) ... OGF counting tukasiewicz paths w.r.t. S

Then:

Benjamin Hackl (Alpen-Adria-Universitat Klagenfurt / Austria) Ascents in Lattice Paths



From Excursions to Arbitrary Paths
» L(z,t,v)z/v ~ sequence of non-negative steps followed by \
> Tltv)z/v ~- all paths (also crossing axis) ending on
> subtract “bad paths”: excursion x \, x arbitrary, i.e.,
V(z,t) z 1
z vl—L(zt,v)z/v

» F(z,t,v) ... OGF counting tukasiewicz paths w.r.t. S
» z...length, t...r-ascents, v...ending altitude
Then:
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From Excursions to Arbitrary Paths
» L(z,t,v)z/v ~ sequence of non-negative steps followed by \
> Tltv)z/v ~- all paths (also crossing axis) ending on
> subtract “bad paths”: excursion x \, x arbitrary, i.e.,
V(z,t) z 1
z vl—L(zt,v)z/v

» F(z,t,v) ... OGF counting tukasiewicz paths w.r.t. S
» z...length, t...r-ascents, v...ending altitude
Then:

v—V(z,t)

F = "\5 7
(z,£v) v—zl(zt,v)

L(z,t,v).
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From Excursions to Arbitrary Paths
» L(z,t,v)z/v ~ sequence of non-negative steps followed by \
> Tltv)z/v ~- all paths (also crossing axis) ending on
> subtract “bad paths”: excursion x \, x arbitrary, i.e.,
V(z,t) z 1
z vl—L(zt,v)z/v

» F(z,t,v) ... OGF counting tukasiewicz paths w.r.t. S
» z...length, t...r-ascents, v...ending altitude

Then: V(z. 1)
v — z, t
F(z,t =——""7 |(z,t, V).
(z,6,v) v—zl(zt,v) (z,6,v)
» v = 0 ~» excursions, v = 1 ~» meanders l“ﬁh'.’&é‘a?%f%’%

eeeeeeeeeeeeeeeeeee
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OGF for Dispersed Excursions

» D(z,t) ... OGF for dispersed excursions
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OGF for Dispersed Excursions

» D(z,t) ... OGF for dispersed excursions

1 V(z,t)
Dz.t) = 1=V p
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OGF for Dispersed Excursions

» D(z,t) ... OGF for dispersed excursions

1 V(z,t)
Dz.t) = 1=V p

Proof. Decomposition: SEQ(excursion x —) x excursion.

Benjamin Hackl (Alpen-Adria-Universitat Klagenfurt / Austria) Ascents in Lattice Paths



OGF for Dispersed Excursions

» D(z,t) ... OGF for dispersed excursions
1 V(zt)
D(z,t) = —————
(z,2) z1—V(z,t)
Proof. Decomposition: SEQ(excursion x —) x excursion.

B 1 V(z,t)
jD(z’t)_l—zV(z,t)/z z
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Expressing Partial Derivatives

l.l ALPEN-ADRIA
UNIVERSITAT

KLAGENFURT | WIEN GRAZ

Benjamin Hackl (Alpen-Adria-Universitat Klagenfurt / Austria) Ascents in Lattice Paths



Expressing Partial Derivatives

Partial derivatives of the form &.V/(z,t)|;—1 can be expressed in
terms of V(z,1), e.g.,

(V(z,1) - 2)
(z,1)+25'(V(z,1))

V(z, t)|i=1 = —
Ot (27 )|t_1 ZV
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Expressing Partial Derivatives

Partial derivatives of the form &.V/(z,t)|;—1 can be expressed in
terms of V(z,1), e.g.,

(V(z,1) - 2)
(z,1)25'(V(z,1))

V(z, t)|i=1 = —
Ot (27 )|t_1 ZV

Sketch of Proof. Implicit differentiation of defining equation

V(z,t) =zL(z,t, V(z,t)).
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Expressing Partial Derivatives

Partial derivatives of the form &.V/(z,t)|;—1 can be expressed in
terms of V(z,1), e.g.,

(V(z,1) - 2)
(z,1)25'(V(z,1))

V(z, t)|i=1 = —
Ot (27 )|t_1 ZV

Sketch of Proof. Implicit differentiation of defining equation
V(z,t) =zL(z,t, V(z,t)).

Remark.
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Expressing Partial Derivatives

Partial derivatives of the form &.V/(z,t)|;—1 can be expressed in
terms of V(z,1), e.g.,

(V(z,1) - 2)
(z,1)25'(V(z,1))

V(z, t)|t=1 = —

O (27 )|t_1 4 Y;

Sketch of Proof. Implicit differentiation of defining equation
V(z,t) =zL(z,t, V(z,t)).

Remark.
» V(z,1) satisfies V(z,1) = zV(z,1)S(V(z,1)),
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Expressing Partial Derivatives

Partial derivatives of the form &.V/(z,t)|;—1 can be expressed in
terms of V(z,1), e.g.,

(V(z,1) - 2)
(z,1)25'(V(z,1))

V(z, t)|i=1 = —
Ot (27 )|t_1 ZV

Sketch of Proof. Implicit differentiation of defining equation
V(z,t) =zL(z,t, V(z,t)).

Remark.
» V(z,1) satisfies V(z,1) = zV(z,1)S(V(z,1)),
> e, it has type y = zp(y)
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Expressing Partial Derivatives

Partial derivatives of the form &.V/(z,t)|;—1 can be expressed in

terms of V(z,1), e.g.,

(V(z,1) - 2)
(z,1)+25'(V(z,1))

V(z, t)|i=1 = —
Ot (27 )|t_1 ZV

Sketch of Proof. Implicit differentiation of defining equation
V(z,t) =zL(z,t, V(z,t)).

Remark.
» V(z,1) satisfies V(z,1) = zV(z,1)S(V(z,1)),
> e, it has type y = zp(y)

. . . . . AL
P analytic approach via singular inversion! l.lUva

eeeeeeeeeeeeeeeeeee
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Periodic Walks

» Dyck excursions (S = {—1,1}) only touch axis after even
number of steps ~» § is 2-periodic
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Periodic Walks

» Dyck excursions (S = {—1,1}) only touch axis after even
number of steps ~» § is 2-periodic

p = gcdses(s +1) = S is p-periodic
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Periodic Walks

» Dyck excursions (S = {—1,1}) only touch axis after even
number of steps ~» § is 2-periodic

p = gcdses(s +1) = S is p-periodic

Proof. S(u)" ... GF of unrestricted paths of length n. u ... height.
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Periodic Walks

» Dyck excursions (S = {—1,1}) only touch axis after even
number of steps ~» § is 2-periodic

p = gcdses(s +1) = S is p-periodic

Proof. S(u)" ... GF of unrestricted paths of length n. u ... height.

[6°]S(u)" =
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Periodic Walks

» Dyck excursions (S = {—1,1}) only touch axis after even
number of steps ~» § is 2-periodic

p = gcdses(s +1) = S is p-periodic

Proof. S(u)" ... GF of unrestricted paths of length n. u ... height.

[10]S(u)" = [u")(uS(u))" =
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Periodic Walks

» Dyck excursions (S = {—1,1}) only touch axis after even
number of steps ~» § is 2-periodic

p = gcdses(s +1) = S is p-periodic

Proof. S(u)" ... GF of unrestricted paths of length n. u ... height.
[°1S(0)" = [u")(uS(1)" = [u"]Q(uP)",
with Q(uP) = uS(u). O
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Periodic Walks

» Dyck excursions (S = {—1,1}) only touch axis after even
number of steps ~» S is 2-periodic

p = gcdses(s +1) = S is p-periodic

Proof. S(u)" ... GF of unrestricted paths of length n. u ... height.
[°1S(0)" = [u")(uS(1)" = [u"]Q(uP)",

with Q(uP) = uS(u). O
» V/(z,1) has p square root singularities on its radius of
convergence
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Singular Expansions of V

» S has period p,

Then:
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Singular Expansions of V

» S has period p,
» 7 >0 ... “structural constant”, unique 7 > 0: S'(7) = 0.

Then:
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Singular Expansions of V

» S has period p,
» 7 >0 ... “structural constant”, unique 7 > 0: S'(7) = 0.

Then:
® V(z,1) has radius of convergence p =1/5(7),
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Singular Expansions of V

» S has period p,

» 7 >0 ... “structural constant”, unique 7 > 0: S'(7) = 0.
Then:

® V(z,1) has radius of convergence p =1/5(7),

® dominant singularities: square-root singularities at (p
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Singular Expansions of V

» S has period p,

» 7 >0 ... “structural constant”, unique 7 > 0: S'(7) = 0.
Then:

® V(z,1) has radius of convergence p =1/5(7),

® dominant singularities: square-root singularities at (p
» ( ...pth root of unity
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Singular Expansions of V

Proposition

» S has period p,

» 7 >0 ... “structural constant”, unique 7 > 0: S'(7) = 0.
Then:

® V(z,1) has radius of convergence p =1/5(7),

® dominant singularities: square-root singularities at (p
» ( ...pth root of unity

© Singular expansion z — (p:

V(z,1) = (1 — ¢ 28 (1 _ i)1/2 + o<1 - i).
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r-Ascents in Excursions

Theorem (H-Heuberger—Prodinger '18+)

» p...period of S, T ...structural constant, c := 75(7),
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r-Ascents in Excursions

Theorem (H-Heuberger—Prodinger '18+)
» p...period of S, T ...structural constant, c := 75(7),

» E,r ...RV counting r-ascents in (unif. random) tukasiewicz
excursions of length n.
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r-Ascents in Excursions

Theorem (H-Heuberger—Prodinger '18+)
» p...period of S, T ...structural constant, c := 75(7),

» E,r ...RV counting r-ascents in (unif. random) tukasiewicz
excursions of length n.
® E,,=0ifn#0 (mod p),
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r-Ascents in Excursions

Theorem (H-Heuberger—Prodinger '18+)

» p...period of S, T ...structural constant, c := 75(7),

» E,r ...RV counting r-ascents in (unif. random) tukasiewicz
excursions of length n.

® E,,=0ifn#0 (mod p),

® Forn=0 (mod p) and n — oo:
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r-Ascents in Excursions

Theorem (H-Heuberger—Prodinger '18+)

» p...period of S, T ...structural constant, c := 75(7),

» E,r ...RV counting r-ascents in (unif. random) tukasiewicz
excursions of length n.

® E,,=0ifn#0 (mod p),
® Forn=0 (mod p) and n — oo:

E)

(c—1)"
EEnr = W” -+ 0(1),
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r-Ascents in Excursions

Theorem (H-Heuberger—Prodinger '18+)

» p...period of S, T ...structural constant, c := 75(7),

» E,r ...RV counting r-ascents in (unif. random) tukasiewicz
excursions of length n.

® E,,=0ifn#0 (mod p),
® Forn=0 (mod p) and n — oo:

E)

EE,, = (c T 1)rn—i—O(l)

(c—1)  (2c—2r—3)(c—-1)*
VEn, = ( crt2 + c2r+4
(c—1)2(2c—r—2) 1/2
- 237357 (7) )” + O(n / J)
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Excursions — Example 1/2

Example (r-Ascents in Dyck paths)
> S={-11},p=21=1
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Excursions — Example 1/2

Example (r-Ascents in Dyck paths)
> S={-11}, p=2r=1
> Explicit V(z,1) = 1= Vl 422 — higher precision!
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Excursions — Example 1/2

Example (r-Ascents in Dyck paths)
> S={-11}, p=2r=1
> Explicit V(z,1) = =14 422 — higher precision!

o (r+1)(r—4)
EDQ,,’, - or+1 - or+3

(r —11r+22)(r + l)r 14 0(n2)
or+6
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Excursions — Example 1/2

Example (r-Ascents in Dyck paths)
> S={-11}, p=2r=1
> Explicit V(z,1) = =14 422 — higher precision!

o (r+1)(r—4)
EDQ,,’, - or+1 - or+3

(r —11r+22)(r + l)r 14 0(n2)
or+6

2 _
1 r 2r+3>n—|—0(l)

VDzn,r = (2r+1 T 92ri3
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Excursions — Example 2/2

Example (June 29, 2018)
> S =1{-1,6,29,2018}, S(u) = ul 08+ 2 4 2018 p=1,

Then:
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Excursions — Example 2/2

Example (June 29, 2018)
> S=1{-1,6,29,2018}, S(u) = v~ + ub + u®® 4+ 1?18, p =1,
> 7>0:5(r)=0—7=0.77275. ..

Then:
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Excursions — Example 2/2

Example (June 29, 2018)
> S=1{-1,6,29,2018}, S(u) = v~ + ub + u®® 4+ 1?18, p =1,
> 7>0:5(r)=0—7=0.77275. ..

Then:

EE,, ~ 0.73681. .. (0.14162...)"n
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Excursions — Example 2/2

Example (June 29, 2018)
> S=1{-1,6,29,2018}, S(u) = v~ 4 ub + u?® + u?018 p =1,
> 7>0:5(r)=0—7=0.77275. ..

Then:

EE,, ~ 0.73681. .. (0.14162...)"n

VEn, ~ (0.73681 ...-(0.14162...)
—0.54289...-(0.67002... 4+ 2r)(0.14162...)%
—3.18625...- (0.32997 ... — r)2(0.14162... .)2f> n
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r-Ascents in Dispersed Excursions, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» p ...period of S, T ...structural constant, T # 1,
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r-Ascents in Dispersed Excursions, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» p ...period of S, T ...structural constant, T # 1,

» d, ...number of dispersed excursions of length n,

Benjamin Hackl (Alpen-Adria-Universitat Klagenfurt / Austria) Ascents in Lattice Paths



r-Ascents in Dispersed Excursions, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» p ...period of S, T ...structural constant, T # 1,
» d, ...number of dispersed excursions of length n,

» D, ...RV counting r-ascents in dispersed excursions of
length n

Benjamin Hackl (Alpen-Adria-Universitat Klagenfurt / Austria)
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r-Ascents in Dispersed Excursions, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» p ...period of S, T ...structural constant, T # 1,

» d, ...number of dispersed excursions of length n,

» D, ...RV counting r-ascents in dispersed excursions of
length n

® Forn—ooandn=k (mod p), 0 < k<p
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r-Ascents in Dispersed Excursions, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» p ...period of S, T ...structural constant, T # 1,

» d, ...number of dispersed excursions of length n,

» D, ...RV counting r-ascents in dispersed excursions of
length n

® Forn—ooandn=k (mod p), 0 < k<p
1 pr*(rP(p—k —1)+ k+1) [S(7)3

_ A3
= m a-r ("

Y + O(S(7)"n~%/2).
® ED,, — %n +0Q1).
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r-Ascents in Dispersed Dyck Paths

> S={-1,1},p=27=1
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r-Ascents in Dispersed Dyck Paths

= S:{—l,l},p:2,T:1.

I O N O Ve S Sl Gt AP Y eV np—5/2
o (Ln/2J> \[rz N CLa)
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r-Ascents in Dispersed Dyck Paths

> S={-1,1},p=27=1

o= () =y 322 = 5 s oo
i
ED,, = — \/Fr —2 12 (r=1(r—4) + O(n7Y/?).

“orr2  \/2or2 or+3
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r-Ascents in Dispersed Dyck Paths

> S={-1,1},p=27=1

d, = (Ln;2J> _ \/gznn—lﬂ 2\(/2_1) on —3/2+ O(2nn—5/2)7
s
]EDn,r — L o \/Fr—2nl/2 + (r_ 1)(r_4) + O(n_1/2).

or+2 2 or+2 2r+3

» r =1~ known result recovered
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r-Ascents in Meanders, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)
» 7 >0 ...structural constant, T # 1,

Then:
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r-Ascents in Meanders, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)
» 7 >0 ...structural constant, T # 1,
» M, , ... RV counting r-ascents in meanders of length n

Then:
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r-Ascents in Meanders, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» 7 >0 ...structural constant, T # 1,

» M, , ... RV counting r-ascents in meanders of length n

Then:

IEM,,,_un+cS+O<< g;) 5/2), VM,, = 02+ O(1),
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r-Ascents in Meanders, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» 7 >0 ...structural constant, T # 1,

» M, , ... RV counting r-ascents in meanders of length n

Then:
EM,, = pn + cs + 0((523) 5/2), VM,, = 02+ O(1),
with
Tsmol . S@-0Tesm -3-2)

TSz S(1)2r+4
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r-Ascents in Meanders, 7 # 1

Theorem (H-Heuberger—Prodinger '18+)

» 7 >0 ...structural constant, T # 1,

» M, , ... RV counting r-ascents in meanders of length n

Then:
EM,, = pn + cs + O((Sg;) 5/2), VM,, = 02+ O(1),
with
Tsmol . S@-0Tesm -3-2)

TSz S(1)2r+4

Also, M, , is asymptotically normally distributed for n — oo.
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Meanders — Special Cases

Proposition (Dyck Meanders)
> S={-1,1}, p=2 7=1.

n V2m(r—2) 1/ r*—r—8 _1/2
IEMn,r=2r+2 5r+3 nt/ —ZT-FO(H /)7
2’3 _P(r—2)+4r(n—3)—4r +1
VM,, re(m );—errrs(w 3) —4n + 0n—|—O(n1/2).

Benjamin Hackl (Alpen-Adria-Universitat Klagenfurt / Austria) Ascents in Lattice Paths



Meanders — Special Cases

Proposition (Dyck Meanders)
> S={-1,1}, p=2 7=1.

EMnr = 505 \/2_7;(;3_ 2) sz ,z;# +0(n"1/?),
VM,, 23 _ (7 — 2) ;—2r4+r£7r —3)—4r+ 10n + 0(n'/?).
Proposition (Motzkin Meanders)
> S=1{-1,0,1}, p=1,7=1.
BMy, = gorgn+ LI 2 1 o)
VM,, 320 _ 02(3,2 (gt —123 ,;3513# — 10) +48m — 144) | +o(nt /Z)RQPTR&?
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Bijection
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Bijection
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Bijection
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Bijection

ey

Excursions Dispersed

. ALPEN-ADRIA
Excursions '.lumvsr«swm

KLAGENFURT | WIEN GRAZ
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Bijection

/

(r5(r)—1)" (rS(r)—1) (5(1)-1)"
B~ sz M1 Bar ~ sz 11 Bnr ~ Sy,
Excursions Dispersed Meanders
Excursions |

KLAGENFURT | WIEN GRAZ
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