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The Path to an OGF Extracting Coefficients The Number of r -Ascents

 Lukasiewicz Paths

Dyck Meanders:

I Sequences of {−1, 1} , {↘,↗},
I Never below axis.

 Lukasiewicz Paths:

I Sequences of S = {−1} ∪ N, N ⊆ N0,

I Never below axis.

Notation. S(u) . . . GF of S, S+(u) = S(u)− u−1.

S = {−1, 0, 2}! S(u) = u−1 + 1 + u2, S+(u) = 1 + u2
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Ascents

I Ascent: maximal sequence of non-negative steps,

I r-Ascent: ascent of length r .
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Path Classes of Interest

I Excursions: end on axis

I Dispersed Excursions: additional step ( ) only on axis

I Meanders: all non-negative paths

Excursion Dispersed Excursion Meander
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Bijection: Excursions ←→ Trees

S = {−1, 1, 2}

# of children ∈ {0, 2, 3}

Result

Excursions(S)←→ Plane Trees(S + 1)
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Exploiting the Tree Structure

Theorem
I V (z , t) . . . OGF of V: plane trees, # of children ∈ S + 1

I z . . . size of tree
I t . . . r -ascents in corresponding  Lukasiewicz excursion

Then:

1 V (z , t)/z . . .  Lukasiewicz excursions w.r.t. S
2 V (0, t) = 0 and V (z , t) = z L(z , t,V (z , t)) with

L(z , t, v) =
1

1− zS+(v)
+ (t − 1)(zS+(v))r ,

which enumerates seq. of non-negative steps. v . . . height

1 Consequence of bijection.
2 Decompose w.r.t. leftmost path:

V = ◦ × SEQ(◦ ×
∑

s∈S, s≥0
Vs)
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From Excursions to Arbitrary Paths
Observation:

I L(z , t, v)z/v  sequence of non-negative steps followed by ↘
I 1

1−L(z,t,v)z/v  all paths (also crossing axis) ending on ↘
I subtract “bad paths”: excursion × ↘ × arbitrary, i.e.,

V (z , t)

z

z

v

1

1− L(z , t, v)z/v
.

Theorem
I F (z , t, v) . . . OGF counting  Lukasiewicz paths w.r.t. S

I z. . . length, t. . . r -ascents, v . . . ending altitude

Then:

F (z , t, v) =
v − V (z , t)

v − z L(z , t, v)
L(z , t, v).

I v = 0 excursions, v = 1 meanders
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OGF for Dispersed Excursions

Theorem
I D(z , t) . . . OGF for dispersed excursions

D(z , t) =
1

z

V (z , t)

1− V (z , t)

Proof. Decomposition: (excursion× )∗ × excursion.

⇒ D(z , t) =
1

1− z V (z , t)/z

V (z , t)

z
.

�
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Expressing Partial Derivatives

Proposition

Partial derivatives of the form ∂jtV (z , t)|t=1 can be expressed in
terms of V (z , 1), e.g.,

∂tV (z , t)|t=1 = −z
(V (z , 1)− z)r

V (z , 1)r+2S ′(V (z , 1))
.

Sketch of Proof. Implicit differentiation of defining equation

V (z , t) = z L(z , t,V (z , t)).

�
Remark.
I V (z , 1) satisfies V (z , 1) = zV (z , 1)S(V (z , 1)),
I  i.e., it has type y = zϕ(y)
I analytic details (singular expansion, . . . ) via singular

inversion!
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Periodic Walks

Observation:

I Dyck excursions (S = {−1, 1}) only touch axis after even
number of steps  S is 2-periodic

Proposition

p = gcds∈S(s + 1) =⇒ S is p-periodic

Proof. S(u)n . . . GF of unrestricted paths of length n. u . . . height.

[u0]S(u)n = [un](uS(u))n = [un]Q(up)n,

with Q(up) = uS(u). �

I Technical Detail: V (z , 1) has p square root singularities on its
radius of convergence!
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Singular Expansions of V

Proposition

I S has period p,

I τ > 0 . . . “structural constant”, unique positive solution of
S ′(τ) = 0.

Then:

1 V (z , 1) has radius of convergence ρ = 1/S(τ),

2 dominant singularities: square-root singularities at ζρ
I ζ . . . pth root of unity

3 Singular expansion z → ζρ:

V (z , 1) = ζτ − ζ

√
2S(τ)

S ′′(τ)

(
1− z

ζρ

)1/2
+ O

(
1− z

ζρ

)
.
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Excursions – Result

Theorem (r -Ascents in Excursions)

I r ∈ N, n ∈ N0, p ≥ 1 . . . period of S,

I τ > 0 . . . structural constant; define c := τS(τ),

I En,r . . . RV counting r-ascents in (unif. random)  Lukasiewicz
excursions of length n.

1 En,r = 0 if n 6≡ 0 (mod p),

2 For n ≡ 0 (mod p) and n→∞:

EEn,r =
(c − 1)r

c r+2
n + O(1),

VEn,r =
((c − 1)r

c r+2
+

(2c − 2r − 3)(c − 1)2r

c2r+4

− (c − 1)2r−2(2c − r − 2)2

c2r+3τ3S ′′(τ)

)
n + O(n1/2).
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Excursions – Examples 1/2

Example (r -Ascents in Dyck paths)

I S = {−1, 1}, p = 2, τ = 1.

I Explicit V (z , 1) = 1−
√

1−4z2

2z ⇒ higher precision!

ED2n,r =
n

2r+1
− (r + 1)(r − 4)

2r+3

+
(r 2 − 11r + 22)(r + 1)r

2r+6
n−1 + O(n−2)

VD2n,r =
( 1

2r+1
− r 2 − 2r + 3

22r+3

)
n + O(1)
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Excursions – Examples 2/2

Example (2018–02–14)

I S = {−1, 2, 14, 2018}, S(u) = u−1 + u2 + u14 + u2018, p = 3,

I τ > 0 : S ′(τ) = 0→ τ ≈ 0.74556

1 If n 6≡ 0 (mod 3), then En,r = 0.

2 Else:

EEn,r ∼ 0.49132 . . . · (0.29906 . . . )rn

VEn,r ∼ (0.49132 . . . · (0.29906 . . . )r

− 0.24139 . . . · (0.14669 . . .+ 2r)(0.29906 . . . )2r

− 0.03348 . . . · (0.85330 . . .− r)2(0.29906 . . . )2r−2)n
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Dispersed Excursions – Result

Theorem (r -Ascents in Dispersed Excursions, τ 6= 1)

I r ∈ N, n ∈ N0, p ≥ 1 . . . period of S,

I τ > 0 . . . structural constant, τ 6= 1,

I dn . . . number of dispersed excursions of length n,

I Dn,r . . . RV counting r-ascents in dispersed excursions of
length n

1 For n→∞ and n ≡ k (mod p), 0 ≤ k < p

dn =
1√
2π

pτk(τp(p − k − 1) + k + 1)

(1− τp)2

√
S(τ)3

S ′′(τ)
S(τ)nn−3/2

+ O(S(τ)nn−5/2).

2 EDn,r =
(τS(τ)− 1)r

(τS(τ))r+2
n + O(1).
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Dispersed Excursions – Special Case

Proposition (r -Ascents in Dispersed Dyck Paths)

I S = {−1, 1}, p = 2, τ = 1.

dn =

(
n

bn/2c

)
=

√
2

π
2nn−1/2 − 2− (−1)n

2
√

2π
2nn−3/2 + O(2nn−5/2),

EDn,r =
n

2r+2
−
√
π

2

r − 2

2r+2
n1/2 +

(r − 1)(r − 4)

2r+3
+ O(n−1/2).

Ascents in Lattice Paths – Benjamin Hackl (Univ. Klagenfurt / Austria) 15



The Path to an OGF Extracting Coefficients The Number of r -Ascents

Meanders – Result

Theorem (r -Ascents in Meanders, τ 6= 1)

I τ > 0 . . . structural constant, τ 6= 1,

I Mn,r . . . RV counting r-ascents in meanders of length n

Then:

EMn,r = µn + cS + O
((S(τ)

S(1)

)n
n5/2

)
, VMn,r = σ2n + O(1),

with

µ =
(S(1)− 1)r

S(1)r+2
, σ2 = µ+

(S(1)− 1)2r (2S(1)− 3− 2r)

S(1)2r+4
.

Also, Mn,r is asymptotically normally distributed for n→∞.
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Meanders – Special Cases

Proposition (r -Ascents in Dyck Meanders)

I S = {−1, 1}, p = 2, τ = 1.

EMn,r =
n

2r+2
+

√
2π(r − 2)

2r+3
n1/2 − r 2 − r − 8

2r+3
+ O(n−1/2),

VMn,r =
2r+3 − r 2(π − 2) + 4r(π − 3)− 4π + 10

22r+5
n + O(n1/2).

Proposition (r -Ascents in Motzkin Meanders)

I S = {−1, 0, 1}, p = 1, τ = 1.

EMn,r =
2r

3r+2
n +

√
3π(r − 4)2r−2

3r+2
n1/2 + O(1),

VMn,r =
3r+22r+4 − 22r (3r 2(π − 2)− 8r(3π − 10) + 48π − 144)

16 · 32r+4
n + O(n1/2).
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Summary Bijection

V (z , t) =⇒ F (z , t, v) OGFs

1
P(τ)×

××

×

× ×

P
er

io
d

ic
it

y

En,r ∼ (τS(τ)−1)r

(τS(τ))r+2 n

Excursions

En,r ∼ (τS(τ)−1)r

(τS(τ))r+2 n

Dispersed
Excursions

En,r ∼ (S(1)−1)r

S(1)r+2 n

Meanders
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